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A SINGULAR K3 SURFACE RELATED TO 
SUMS OF CONSECUTIVE CUBES 

MASATO KUWATA AND JAAP TOP 



_,. 1. Introduction 

^^ ' The well known formula 



r + 2^ + . . . + A:^ = {k{k + l)/2)^ 



^' . shows in particular that the sum of the first k consecutive cubes is in fact 



a square. A lot of related diophantine problems have been studied. For 



instance, Stroeker [3ti] considered the question, for which integers m > 1 
one can find non-trivial solutions of m^ + {m + l)^ + ... + (?n, + A;— 1)^=^'^. In 
particular he found all solutions with 1 < m < 51 and with ?7i = 98. Several 
authors considered the question of finding sums of consecutive squares which 



are themselves squares; see, e.g., [ P-R| and references given there. In our 



paper | K-1]| we considered this problem from a geometric point of view by 



Q^ . exploiting a connection between solutions and rational points on the rational 

elliptic surface given by 6y^ = (x^ — x) — {t^ — t). 
Here we present a similar treatment of the equation 



0\\ (1.1) m^ + {m+lf + {m + 2f + --- + {m + k-lf = 1^. 

fH \ It turns out that (1.1) determines a so-called singular K?> surface. Al- 

+-i ' though our emphasis will be on geometric and arithmetic algebraic prop- 

erties of this surface, we will note some consequences for the diophantine 
equation. In particular, we show that infinitely many non-trivial solutions 
exist; a result that was already known to C. Pagliani in 1829/30. Pagliani's 
^ , solutions can be regarded as points on a rational curve in the K2> surface. 

H ! ^y putting 

(1.2) x = k, y = 2m + k-l, z = 2l, 
the equation (|l.lD becomes 

(1.3) xy^x"^ +y'^ -l)=z^. 

This equation ( |1.3D determines an algebraic surface in the affine space A^. 
We consider the projective model of it, given by 

So : {{X : Y : Z : W) \ XY{X^ + F^ _ ^^'i■■) = z^W] C Pl 

This surface has some singular points. Denote by S the minimal non-singular 
model of Sq. We will show that the surface 5 is a K2> surface whose Picard 
number is 20, which is maximal for a K'i surface defined over a field of 
characteristic 0. Such K2> surfaces with maximal Picard number have been 



classified by Shioda and Inose [3-1]. 
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2 MASATO KUWATA AND JAAP TOP 

In sections 2 and 3 we study geometric properties of the surface S. We 
construct some elliptic fibrations on it and determine the Neron-Severi group 
of S. Moreover, we find the Shioda-Inose class of this surface. It turns out 
that he elliptic fibrations we construct, do not have sections which would pro- 
duce infinitely many non-trivial solutions to the original diophantine equa- 
tion. In section 4 we describe a base change of one of the elliptic pencils. 
Using this, we do find infinitely many non-trivial solutions to (^]^) . It turns 
out that precisely the same solutions already appeared in 1829/30 in work 
of C. Pagliani. 

Section 5 gives a description of the surface S and the base change we 
present, in terms of the product of two curves. This is used in section 6 to 
determine the Hasse-Weil zeta function of S over Q. 

Acknowledgements. The first-named author would like to thank Joe Silverman for 



useful suggestions in regard to Proposition 4.1. He also thanks the Centre Interuni- 
vesitaire en Calcul Mathematique Algebrique at Concordia University for allowing 
him to use their computing facilities. We are grateful to the referee for pointing out 
the reference to Pagliani, and for some interesting remarks concerning the product 
of two curves we considered. Finally we thank Ken Ono for mentioning the formula 
for our cusp form in terms of eta- functions. 

2. Elementary properties of Sq 

2.1. Symmetry. The original diophantine problem asks for solutions to 
( p..l| ) in positive integers. This restriction, however, is not an essential one. 
For example, (m, fc, Z) = (—2,8,6) is a solution to ( |1.1[ ). Then, observing 

(-2)3 + {-if -F 0^ -Fl^ -F 2^ -^3^ + 4^ + 5^ = 6^, 





we find another solution (m, k, I) = (3, 3, 6) corresponding to 3^ -|- 4'^ -|- 5^ = 
6^ . This reflects an instance of the action of a certain group of symmetries 
on the set of solutions; one can always flnd a nonnegative solution in the 
orbit of a solution. These symmetries are conveniently described in terms 
of the coordinates introduced in ( |1.2D . There are obvious involutions acting 
on (pT^), namely 

n : {x,y,z) I — > {-x,y,-z), 
T2 : {x,y,z) I — > {x,-y,-z), 
n ■ {x,y,z) I — > {y,x,z). 

These involutions generate a group of order 8, which is isomorphic to the 
dihedral group D4. The symmetry may be seen clearly in Figure 1. 

It is easy to see that {m, k, I) is an integral solution to ( |1.1| ) if and only 



if {x,y,z) is an integral solution to (L3) such that x and y have different 
parity. 

The surface ^o admits another automorphism given by 

T4 : {x,y,z) ^ {x,y,ujz), 

where u; is a primitive third root of unity. We see that T4 commutes with ri , 
T2 and T3, and thus ri, . . . , r4 forms a group isomorphic to D4 x C3, where 
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Figure 1. 



C3 is the cyclic group of order 3. It is not difficult to see that these are the 
only automorphisms of 5*0 induced from those of P^ . 



2.2. Singularities. The surface So has the following five singular points 



{X -.Y -.Z ■.W) = {0:0:0:1), (±1:0:0:1), (0 : ±1 : : 1), 



all of whom are rational double points. These are the only singularities of Sq. 
Hence by the following result one concludes that the minimal non-singular 
model S of 5*0 is a K3 surface. 



Proposition 2.1. [ P-T-vdV , Prop. 2.1] Any surface which is the minimal 
resolution of singularities of a surface given by a degree four equation in 
projective 3-space with at most rational double points as singularities, is a 
K3 surface. D 



Note that all of the singularities of Sq are of type A2, and thus the fibre of 
S ^> Sq above each singular point consists of two rational curves. This can 
be seen directly, but it also follows from the results in the next section since 
the resolution of singularities is built-in in Tate's algorithm for determining 
the singular fibers of an elliptic pencil. 



h 
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2.3. Lines contained in Sq. The surface So contains the fohowing Unes: 

y = ( X = iY ( X = -iY 

w = o ^^'■\w = o ^^'■\w = o 

X = W ( X = W ( X = w 

Y = Z ^''■\Y = u;Z ^''■\y = u;^Z 

X = -W (X = -W (X = -W 



Y = W ( Y = W ( Y = W 



''■'^X = Z '''■\x = u^Z '^'■\x = u?Z 

Y = -W ( Y = -W { Y = -W 



^'^■\X = -Z '''■\X = -u:Z '''■\X = -u^Z. 



The group of symmetries generated by {ri, . . . , t^} acts on this set of hnes. 
It divides the set into four orbits: {^1,^2}) {^3!^4}i {^55-^6} and {£7, . . . ,^i8}- 

With the aid of the description of the Neron-Severi group of S in terms 
of an ehiptic fibration, one can in fact show that these are the only hnes 
contained in Sq. However, we wih not need this in the sequel. 



3. Elliptic fibrations on S and the Neron-Severi group 

By regarding y as a constant in ( |1.3D , one obtains a plane cubic curve in 
the xz-plane. It is easy to see that these cubic curves are nonsingular except 
for finitely many values of y. This implies that the map 5o ^ A^ given 
by {x,y,z) 1-^ y determines an elliptic fibration ei : S ^ F^. Moreover, 
since (x, z) = (0, 0) is a rational point on each fiber, ei admits a section 
ao :F^ —>■ S, which we designate as the 0-section. 

Let t be the generic point of the base curve P^, and let Et be the fiber of £1 
at t. This is nothing but the curve defined over Q(f) obtained by replacing 
y by t in (|1.3| ) . Using the change of variables 

(t^ - t)z 
xi = 

(t^ - tf 

yi = , 

X 

the curve Et can be written in the Weierstrass form 

(3.4) Ef. yj = xl-t\t^-lf. 

The bad fibers of the fibration ei are easily determined using Tate's al- 
gorithm. They are given in the table below. Here, we denote by rrit (resp. 
ml ) the number of irreducible (resp. simple) components in the fiber of Et 
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at t, and we denote by x the (topological) Euler number of the bad fiber. 



t 





±1 

oo 



Kodaira type x ^•t ^t^, 



(1) 



Group 
structure 



IV* 
T* 

IV 



8 
6 
4 



7 
5 
3 



3 

4 
3 



Ga X Z/3Z 

Ga X (Z/2Z)2 
Ga X Z/3Z 



Here group structure means the structure of a special fiber of the Neron 
model of Et/C{t). In order to determine the Neron-Severi group of Sc = 
S xqC, we need to determine the Mordell-Weil group Et{G{t)). We observe 
that the image of the lines £i, . . . ,^6 in S are components of bad fibers. It 
turns out that the lines £7, . . . , ^is determine sections of ei. For example, £7 
is transformed to the section 

Note that this corresponds to the trivial parametric solution (m, A;, /) = 
(m, 0, m) to the original equation ( |1.1|) . Since the curve Et/G{t) has complex 
multiplication by Q(u;), we see that 

is also a section. It corresponds to the line £§ in S. 

Proposition 3.1. 1. The Mordell-Weil group Et{G{t)) is isomorphic to 
Z © Z, and it is generated by o"i and [w]o"i. 

2. The Mordell-Weil lattice of Et over C{t) is isomorphic to A2, the dual 
lattice of the root lattice A2 ■ 

3. The surface S is a singular K2> surface. The determinant of its Neron- 
Severi lattice is —48. 



Recall that the Mordell-Weil lattice in the sense of Shioda [3hi| of an el- 
liptic surface with section consists of the Mordell-Weil group modulo torsion 
of its generic fiber, together with twice the canonical height pairing on it. 
Also, a K2> surface in characteristic zero is called singular (or exceptional) 
if its Neron-Severi group has the maximal rank, which is 20. 

Proof. We first determine the torsion subgroup £'i(C(t))tois- It is known 
that the specialization map £'f (C(t))tois — > Ef^{C) for any to S C is always 
injective even when the fiber is a bad fiber (see [ M-P , Lemma 1.1 (b)]); here 
E^{G{t)) denotes the subgroup of Et{G{t)) consisting of all points which 
specialize to smooth points in Et^iG). Moreover, the notation Ef^^{G) is 
used for the group of smooth points in Etg{G), which is also the connected 
component of zero of the fiber over to in the Neron model of Et. Considering 
the table of bad fibers above, one observes that £'i(C(t))tors is a subgroup 
of both C X Z/3Z and C x (Z/2Z)2. This implies that St(C(t))tors is trivial. 
Since cJi is not the zero section, we conclude that it has infinite order. 
Also, since the Mordell-Weil group is in fact a module over End(-E'i) 
it follows that cJi and [uj]ai are independent. 



U! 
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The rank of the Neron-Severi group of S and the rank of the Mordell-Weil 
group are related by the Shioda-Tate formula, which says that 

lank NS{S) = 2 + ^{mt - 1) + iankEt{C{t)). 

t 

From the calculation of the bad fibers and the fact that rankA^S'(S') < 20 

one concludes that the rank of Et{C{t)) is at most 2, hence equal to 2. It 

follows that the rank of NS{S) is 20 and therefore S is a singular K3 surface. 

Next we compute the canonical height pairing for {cri, [lliJui}. This is 



easily done using |Kuw], and one finds the matrix 



1 


1 


3 


fi 


i 


i 


6 


3 



This shows again that ai and [uj]ai are linearly independent. We use the 
computation to conclude that {o"i, [wjui} generates the Mordell-Weil group. 
If the Mordell-Weil group Et{C{t)) would be strictly larger than the group 
generated by ui and [wjui, then Et{C{t)) must contain an element whose 
canonical height is less than 1/3. However, the a priori lower bound for 



the canonical height calculated by using the method of [ Kuw | is 1/3 in the 
present case. Hence ui and [uj]ai generate Et{C(t)). 

Let us denote by MW the Mordell-Weil lattice of Et in the sense of 



Shioda[3hi|. The pairing on MW is given by twice the canonical height 



pairing; i.e., it is given by the matrix 



Hence, MW is isomorphic to A2, and we have 

\Et{C{t))torsr 1 

Since by the Hodge index theorem det NS{S) is negative, one concludes that 
detNS{S) = -A8. D 



According to the classification of Shioda-Inose |S-]], there are four noniso- 
morphic singular K3 surfaces whose Neron-Severi lattices have determinant 
—48. The transcendental lattice of such a surface is isomorphic to one of 
the lattices given by the Gram matrices 

24y ' 1^0 12 j ' VO 8y ' \^4 S 

Proposition 3.2. The surface S is isomorphic over Q{i,uj) to the quartic 
surface in F^ defined by the equation S' : X'{X''^ + Y''^) = Z'{Z'^ + W''^). 

As a consequence, S corresponds to the matrix ( . o ) ^^ the Shioda-Inose 

classification. 

Proof. Consider the family of planes passing through the line £5 . The inter- 
section of Sq and a plane in this family is £5 and a plane cubic curve. This 
yields another elliptic fibration £2 '■ S ^^ F^. Setting t = W/{X — iY) and 
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using a standard algorithm we can convert the fiber at the generic point to 
the Weierstrass form 

where the transformation is given by 

X = 72\/3t(t2 + 1)2, Y =3y - 36^/^t(i'' - 1), 

Z = - 6^/^{t'^ + l)x, W = - t{3iy - SeVstit"^ + 3){t'^ + 1)) . 

This fibration has six fibers of type IV at t = 0, ±1, iti, co. The same 
fibration can be obtained by starting from the surface S' given by 

X'{X'^ + y'3) = z'{Z'^ + W'^). 

Namely, with t = Z' /X' , using the transformation 

X' = - 2(t^ + l)y - tx^ + 12t^x - 72t{t^ - if, 

Y' = - 2{2t^ - l)y + tx^ - 12*3 (t^ _ -^-^^ _^ 72t(t4 - 1), 

Z' = t{-2{t'^ + l)y-tx^ + 12t^x-72t{t'^-lf), 

W = 2t{t^ - 2)y + fx^ + 12(t^ - l)x - nt^{t^ - 1), 

one finds exactly the same Weierstrass equation. Since S' is nonsingular and 
minimal, we conclude that S and S' are isomorphic. 

/8 4 
A result of Inose |Ino| shows that S' corresponds to the matrix ( 



in the Shioda-Inose classification. This proves the assertion. D 

Remark 3.3. The Shioda-Tate formula shows that the Mordell-Weil rank of 
the fibration £2 is 20 — 2 — 6 x 2 = 6. However, since the transformation 
from the (X, Y, Z, Ty)-coordinates to the affine (x, y, i)-coordinates used here 
is not defined over Q, one cannot expect sections of £2 to correspond to 
solutions to our original diophantine problem. 

4. A POLYNOMIAL SOLUTION AND A BASE CHANGE 



From Proposition 3T one deduces that Et{Q{t)) is generated by ai. A 



simple calculation shows that 



[2]a,= (\t\t' + 8),lt\t^-20t' 



is a polynomial solution to ( |3.4| ), but this does not correspond to a polyno- 
mial solution to ( |1.3| ), as we have 

8(t2-l)2 2t(t2 + 8)(t2-l)' 



{x,z) 



t^ - 20t2 - 8 ' t^- 20*2 - 8 



Since [3]cri, [4]o"i, etc., do not yield a polynomial solution to (|1.3D , we suspect 
that the elliptic fibration Et gives no non-trivial parametric solutions to the 
original question. In fact, we can prove the following by an elementary 
argument. 

Proposition 4.1. The only polynomial solutions of the form, [f[t),t,g{t)) 
to the equation (|1.3|) are (ibl,t, i). 
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Proof. Suppose that a polynomial p{t) which is relatively prime to t{t — 
l)(i + 1) divides f{t). Since p{t) does not divide t{f{t)'^ +t^ — 1), its cube 
p{tf divides /(t). Thus, we may write f{t) = ^{t - l)^(i + l^ fo{tf 
(0 < a, /3, 7 < 2). Since /o(i) divides g{t), we write g{t) = fo{t)go{t). The 
polynomials fo{t) and goit) satisfy the equation 

t3«+l(i - 1)3/3 (f ^ l)37Jp(i)6 + ^a+l(^ _ ^)/3+l(^ ^ -^^7+! = ^^(tjS. 

The degree of the left hand side is max{3(a+/3+7)+6deg/o+l, a+/3+7+3}, 
but this equals 3(a + /3 + 7) + 6 deg /o + 1 except in the case a = /3 = 7 = 
deg/o = 0. Since the degree of the right hand side is a multiple of 3, the 
degree of the left hand side cannot equal 3(a + /3 + 7) + 6deg/o + l. Thus, we 
have a = /3 = 7 = deg /o = 0. In other words fo{t) must be a constant and 
the only possibilities for this constant are ±1, which lead to the solutions 
(±l,i,i). D 

Observe that if we set t = u^ in ( |3.4D , then we find a solution given as 
{xi,yi) = {u'^{u^ — 1),0). This is a 2-torsion section of the elliptic surface 
corresponding to 

Setting y2 = Ui/u^ and X2 = xi/u^, a minimal Weierstrass equation 

K:yi=xi-(n6-l)3 

is obtained. Let r be the above torsion section and let a[ be the section of 
E'^ coming from ui. We have that 

T = {u^- 1,0) 

a[ = {u\u'-l),{u'-lf), 

and 

±a[ + T= ((u2 + 2)iu^ + u^ + l), t3{u* + u^ + If) . 

The latter sections correspond to 

3^ ^ 

y = u^ 

z = ±-u{u'^ -l){u'^ + 2) 

as solutions to the equation (^). Taking the positive sign, and interchang- 
ing X and y, one obtains the following solution to ( |1.1D : 

m = -{u - l)(u^ - 2n^ - 4n - 4) 
6 

1 
6 
For integer values of u not divisible by 3, the m, k and / given above become 



k = u^ 



l = ^u{u^ -l){u^ + 2). 




integers. Thus, possibly after using the symmetries mentioned in section 2.1 
they give (infinitely many nontrivial) solutions to the original diophantine 
problem. For instance, u = 2 leads to the solution 3^ + 43 + 53 = 63. It 
should be remarked here that this parametric solutions is in fact very old: 
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according to |Di| , p. 582] it already appeared in a paper by C. Pagliani which 
was pubhshed in 1829-1830. 

Using a computer we found that (|1.3| ) has precisely 32 solutions in integers 
< y < a; < 10^. Of these, 15 (almost half of them!) correspond to values 
of u as above. 

5. Further properties of S 

We will now study the geometry and arithmetic of the surface S a bit 
more closely. To this end, the elliptic fibration Et and the base change 
E'^ will be used. Denote by E~ the elliptic curve over Q corresponding to 
the Weierstrass equation y^ = x^ — 1. Also, define a curve C over Q by 
s'^ = u^ — 1. Note that C is hyperelliptic and of genus 2. The hyperelliptic 
involution on C will be written as l; by definition l{u,s) = (n, — s). Using 
the map [—1] on E^ as well, one obtains an involution (i x [—1]) on the 
product C X E^ . 

Proposition 5.1. With notations as introduced above, the quotient [C x 
E~')/{i X [—1]) is hirationally isomorphic over Q to E'^. 

Proof. The function field of C x E^ over Q is Q(u, x) [s, y] (with the relations 
y^ = x'^ — 1 and s^ = u^ — 1). The function field of the quotient by i x [—1] 
is the subfield of all functions invariant under {u,x,s,y) i-^ {u,x,—s,—y). 
Over Q, these invariants are generated by n, X' = s'^x and Y' = s^y. The 
relation between these is Y'"^ = X'^ — (u^ — 1)'^, so one finds precisely the 
function field of E'^ over Q. D 

Using a primitive cube root of unity u; € Q one defines [uj] £ Aut{E^) 
by [uj]{x,y) = (tox^y). Similarly we take c/9 £ Aut(C) given by if{u,s) = 
{uj^u,s). Note that [uj] and 93 are not defined over Q, but the finite groups 
of automorphisms they generate is. As a consequence, a quotient such as 

(C X E^)/{i X [—1], ip X [uj]) is defined over Q. 

Proposition 5.2. The surface S, or equivalently its elliptic fibration Et, is 
birationally isomorphic over Q to {C x E^)/{l x [— 1],c/? x [u)]). 

Proof. Consider the surjection E!^ -^ Et given by 

{u,X',Y') ^ {t,X,Y) = {u^,u'^X',u'^Y'). 

This is in fact the quotient map for the group of automorphisms on E'^j^ 
generated by {u,X',Y') ^^ {uj'^u,ujX',Y'). This generator can be lifted to 



the automorphism (p x [uj] on C x E . Using proposition 5.1 above now 



finishes the proof. D 

In the next section it will be explained how the above description allows 
one to compute the number of F^n -rational points on the reduction S mod p 
in an easy way. As a preparation to that, we now consider the second 
cohomology group H'^{S) = H'^{S,C). The cycle class map allows one to 
view the Neron-Severi group of S" as a part of H^{S; it generates a linear 
subspace of dimension 20 in our case. The orthogonal complement (with 
respect to cup product) of this will be denoted H^j.{S). In terms of the Hodge 
decomposition of {{"^(S), since S* is a singular K3 surface, one has H^j.{S) = 
H'^'^ {S)(B H^'"^ (S) in the present situation. Using the relation between S and 
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C X E~ explained above, one regards H^j.{S) as the subspace of H^j.{C x E^) 
on which l x [—1] and if x [lo] act trivially. Since the Kiinneth components 
if 2(C) H°{E-) and H°{C) (g) H'^{E-) of if2(c x E') are algebraic, this 
means that H^j.{S) can be seen as a subspace of H^{C) (gi H^{E~). 

Note that the latter tensor product has dimension 8. To understand 
it even better we introduce the elliptic curve E~^ ^ defined over Q by the 
equation rf = ^^ + 1. One has a morphism tti : C ^ E~^ , given by 

7ri(ii, s) = (C = —u^"^,!] = su~^). The global differential given by -^ is 

pulled back to 2^ under vri. Hence it follows that under the pull back map 
TT*, the space H^{E~^) is mapped to the — 1-eigenspace in H^{C) for the 
automorphism %[) given by ip{u, s) = {—u, s). Similarly, using 7r2 : C — > E~ 

given by 7r2(u,s) = (x = u'^,y = s) one computes vr^^ = 2m^ and 

concludes that 7r| maps H^{E~) to the +l-eigenspace in H^{C) for ■0. Hence 
using (vTi X 7r2)* one identifies 

ii'i(C) ^ h\e-) = {h\e+) i/^^-)) e {h\e-) Fi(^-)) . 

We claim that under this identification, the subspace H^j.{S) coincides 
with the transcendental part H'^^{E^ x E~) inside H^ {E^)®H^ {E~) . To see 
this, note that the latter transcendental part is generated by the holomorphic 

form -^ g* ^ and its anti- holomorphic complex conjugate. Using vrjj', this 

holomorphic form corresponds to 2^ (g ^, which is invariant under both 

IX [—1] and ipx [a;], hence it (and its complex conjugate) is in H^^{S). Since 
this space is 2-dimensional, the claim is proven. 

Remark. The proofs provided in this section in fact describe an inclusion of 
function fields Q(C x E') D Q{E'J D Q{Et). It is easily verified that the 
composition of these inclusions corresponds to the finite (in fact, cyclic of de- 
gree 6) map iIj : C X E~ -^ Ef = S which assigns to a point {u, s), (xq, yo) G 
C X E^ the point with coordinates x = s/yo, y = u^, z = usx^/yQ on S. The 
cyclic group of order 6 for which we take the quotient here, turns out to 
have precisely 16 orbits in C x E~ consisting of less than 6 points. Blowing 
up the quotient singularities obtained in this way, yields 16 (independent) 
elements in the Neron-Severi group of S. In fact this provides an alternative 
way to see that S has Neron-Severi rank 20: One can lift the 4 generators 
of the Neron-Severi group of E^ x E~ to cycles in C x E~ , and push them 
forward to S. In this way 20 independent elements are obtained, as follows 
immediately by computing their intersection numbers. 

As a final remark, consider the morphism C — > E~ given by P i— > 7r2 (-P) -|- 
(0, 1). The graph of this morphism defines a curve in C x E~ , and the image 
in Ef of this curve under ip is precisely the 'polynomial section' described 
by Pagliani in 1829/30 and by us in the previous section. 

6. Counting points on S over finite fields 



Since 5 is a singular K3 surface, one knows from [ |S-I| that for sufficiently 
large extensions K of the finite prime field ¥p one can describe the number 
of X-rational points on the reduction of S in terms of a Hecke character. 
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However, it is not easy to describe, for which field extensions K their result 
gives the number of points. For the present example, we present a Hecke 
character which gives the number of rational points over all finite fields. 
Although this does not seem to have an immediate relation to the problem of 
sums of consecutive cubes, it is included here because it is an interesting and 
nontrivial problem for singular K3^s over number fields in general, and not 
many interesting examples where this has been done have been published. 
One may note that the present case turns out to be much simpler than, e.g.. 



the example described in [P-T-vdV]. 

To compute the number of points on S over finite fields, the £-adic co- 
homology groups W = H^{Sq,Qi) are used. These spaces are Gq = 

Gal(Q/Q)-modules. One knows H^ = Qi, with the trivial Galois action 
and H^ = Q^(— 2), which means that H'^ is a Q^-vector space of dimension 
1 and a Frobenius element ap G Gq at a prime p acts on it by multiplication 
by p^. Furthermore, since S is an elliptic surface with base P^ it follows 
that H^ = H^ = (0). Given a Frobenius element ap e Gq at a 'good' prime 
p ^ i (in our situation 'good' means that one of the equations defining S 
gives a K3 surface over ¥p as well; this happens when p ^ 2,3), the number 
of points over F^n on the reduction mod p of 5 is given by the Lefschetz 
trace formula 
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^(-l)Hrace(a^ii/H%,Q^)) = 1 + p^"" + tr^ce{a;\H^{SQ,Qe)). 

i=0 

We will make this explicit by studying //^(5q, Q^). 

There exists a GQ-equivariant cycle class map which injects the Neron- 
Severi group of S into H'^{Sq, Q£{1)), which is the same space H^ but with 
a different Galois action: ap acts on H'^{SQ,Qe) exactly as pap does on 
if 2(5q, Qiil)). Write H^^^ for the subspace of H^iS^, Q^) generated by the 
Neron-Severi group, and H^^. for the orthogonal complement. Both spaces 
are GQ-invariant, and of course 

tvace{a^\H'^{SQ,Qe)) = tiace{a^\Hl^^) +trace{a^\Hl). 

Proposition 6.1. For p ^ 2,3,1 prime and ap G Gq a Frobenius element 
at p, one has 

trace{a;\Hlg) = 16p" + 3^^) V + (y) V- 

Proof. By what is said above, it suffices to compute the action of a Frobenius 
element ap on a set of generators of the Neron-Severi group. Using the 
elliptic fibration Ef, we study such generators. 

Firstly, there are the zero section and a fiber. On each of these ap acts 
trivially, so they contribute p" + p"- = 2p" to our trace. 

Next we consider the sections ui and [uj]ai. Note that since ui + [io]ai + 
[cJ]cri = in the group law, it follows that (Tp([LL']cri) = —ai — [uj]ai in case 

— 1 = — 1. On the other hand, ai is fixed under every element of Gq. So 
it follows that these two sections contribute ( 1 + I p I I p" to the trace. 
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It remains to compute the contributions from the irreducible components 
of the singular fibers, which do not meet the zero section. These fibers are 
over t = 0, t = ±1 and t = oo. Over i = 0, the fibre is of type IV* and all 
its components turn out to be rational. Hence they contribute 6p" to our 
trace. 

Over t = ±1 one finds fibers of type /g. Of the components not meeting 
the zero section, one is always rational. With T a coordinate on this one, 
the other three meet it in points satisfying T^ — (±2)^ = 0. Hence two of 
them are interchanged by Gal(Q(ci;)/Q) and the third one is rational. This 
means that one obtains 

2 Tp" + p" + A + (—] ] pA = 6p" + 2(—\ p" 

from these fibers to the trace. 

To study the fiber over t = oo, one changes coordinates using y = 
t~^y,x = t~'^x and s = t^^. The elliptic fibration Et is then given by 
y2 _ ^3 _ g2^-^ _ g2-j3 Over t = oo, which corresponds to s = 0, one finds 
a fiber of type IV. The two components not meeting the zero section are 

Summing all contributions now proves the proposition. D 



interchanged by Gal(Q(i)/Q). Hence they add (1 + ( ^ ) )p" to the trace. 



The GQ-space H^^. will be our next object to study. Recall that we already 
showed it is related to H'^j.{Aq, Q^) in which A = E^ x E~ . In fact, this was 
only done for complex cohomology, but using a comparison theorem and 
noting that the morphisms C x E~ -^ S and C -^ E'^ x E~ we used are 
defined over Q, the same holds for £-adic cohomology. So one concludes 

r2 



trace{ap\H^j.) = trace ((Tp|i?tr(^? 

It is relatively standard how this latter trace is computed, as will be ex- 
plained now. 

It has been shown that H^j. C H^{E^) (g) H^{E~). This Kiinneth compo- 
nent in £-adic cohomology is GQ-invariant, for instance because its orthog- 
onal complement, which is generated by the cycle classes of {0} x E^ and 
E~^ X {0}, obviously is. Note that Z[uj] is the endomorphism ring of both 
E^,E^, and all these endomorphisms are defined over Q(a;). Hence the 
2-dimensional Q^-vector spaces H^{E ) are in fact free rank 1 modules over 
Q_i (X" Z[u;]. In particular, this means that when we restrict the Galois action 
to G'q((^) = Gal(Q/Q(w)), then it becomes abelian, i.e., it factors over the 
Galois group of the maximal abelian extension of Q(a;). By class field the- 
ory this implies that our actions on H^[E ) are given by Hecke characters, 
which will be denoted x~^tX~: respectively. These characters will now be 
described. 

Write K = Q{co). The Hecke characters x^ can be thought of as products 
Y[y xt^ in which the product is taken over all places of K (including the 
infinite one). Here Xv is a multiplicative character; for i; = oo it is given by 

Xt ■■ C*-^C* : z^^. 
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For finite places one has Xv ■ ^v ~^ Q('^)*- These characters have the 
property that for a place v not dividing (2) or (3), and v corresponding 
to a (principal) prime ideal (vr) of norm q in Z,[lo], one has that Xv sends 
any uniformizing element of K^ to the generator of (vr) which as an element 
of the endomorphism ring of E gives after reduction modulo (tt) the qth 
power endomorphism. In particular, for such v one has that xt i^ -'- on all 
elements of K^ which have valuation 0. If dp G Gq is a Frobenius element 
at a prime p ^ 2,3, then (for n non-zero) 

tmcei4nH\E^)) = ^xti^X, 

v\p 

in which vr^ G K^ is any uniformizing element and where fp is the degree of 
the extension K^/Qp. Moreover, trace{aI^\\H^{E^)) = when fp does not 
divide m. 

An explicit description of the xt^ iiow boils down to finding the qth power 
endomorphism on E over F^. In case p 7^ 2 is a prime number = 2 mod 3, 
the square of the pth power map has to be considered, and this equals [—p] as 
endomorphism (the reduction of both E^ , E^ is supersingular in this case). 
When p = 1 mod 3, both primes above p in Z[uj] are primes of ordinary 
reduction for E^. So here the full endomorphism ring in characteristic p is 
Z[u;], and we have to find out which element the pth power map corresponds 
to. Firstly, this map has degree p, so we look for an element of norm p. Next, 
the map is inseparable, so we want an element whose reduction modulo the 
prime of Z[u;] under consideration is 0. This implies we want a generator vr of 
the prime ideal under consideration. To find out which generator, consider 
some torsion points on E^. Note that since p = 1 mod 3, all the 2-torsion 
points on both E^ are rational over Fp. Hence the pth power map vr fixes 
the 2-torsion, which implies that 2\(tt — 1). Moreover, both [uj] and \uJ] act 
the same way (in fact, act trivially) on the points with x— or ^-coordinate 0. 
Hence these points are in the kernel of [cj — uJ] = [\/— 3]. This map has degree 
3, so we found all the [-v/— 3]-torsion. On E^, these points are Fp-rational, 
so it follows TT = 1 mod 2\/—3 in this case. This determines vr. For E~ , 
the pth power map acts as [+1] on the [V— 3] -torsion when p = 1 mod 12, 
so in this case again tt is determined by tt = 1 mod 2^—3. However, when 
p = 7 mod 12 then the pth power map acts as [—1] on the [\/— 3]-torsion, 
hence tt is determined by vr = — 1 mod 2-v/— 3. 

For completeness, and to allow us to relate H^j. to a modular form later 
on, we also describe the x^ for t;|(2)(3). These can be found using that 
n^Xv(3;) = 1, where x G Q{uj) and where the product is over all places v 
of Q(a;). Furthermore, the local units Z2[aj]* and Z3[c<j]* are known to have 
finite image, hence we know that this image has to be inside the 6th roots 
of unity. So in particular all sufficiently small subgroups 1 -|- 2'"'7j2[uj] resp. 
1 + ("v/— 3)™Z3[lj], which consist of only 6th powers, are mapped to 1. Since 
there is only one prime above each of (2), (3), we denote the associated local 
characters by X2 and ^3 respectively. One computes: 

1. For p = 3 one identifies 

Zs[oj]*/l + iV^) = (ZsH/^/^* = (Z/3Z)* ^ {±1}. 
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Then both xt ^^'^ X3 ^^'6 trivial on 1 + (V— 3), and on Z3[u;]* they 
are given using the identification above. Next, X3 (\/— 3) = \/— 3. 
2. For p = 2, identify 

Z2M7I + (2) ^ (Z2[cj]/2)* ^ {l,w,cJ}. 

Then x^ is trivial on 1 + 2Z2 [w] , and it is given by this identification 
on Z2H*. Moreover, xtC^) = -2- 

The character X2 turns out to be trivial on 1 + 4^2 [uj] , and on Z2 [cj] * 
it is given by 

X2-(n) = (-l)("^-i)/2^+(u). 
Finally, x^ (2) = -2. 

From the discussion above it is clear that the restriction to GQf^\ of the 
GQ-representation H^j.{A) is given by the product x = X^X • Namely, over 
Q{uj,i) one finds two copies of GQ(tj^j)-representation in H^{E~^) ® H'^{E~), 
corresponding to the graph of an isomorphism between these elliptic curves, 
and the composition of that graph with [oj\. These representations corre- 
spond to the Hecke character (in fact, Dirichlet character) x^X~- Hence the 
remaining transcendental part corresponds to x- 

The explicit description of x shows that xs is in fact trivial on the units 
Z3[a;]*. In fact, one computes that x is a Hecke character of conductor 
(2)'^. Since such Hecke characters are well known to be intimately related 



to modular forms, one concludes using e.g. [Fop, Thm. 2.4.2] That the 
L-series attached to H"^^, which equals 



-s\-l 



L{s,x)= n (l-X.(vr.)iV^r) 



V finite 

is in fact the L-series of a cusp form of weight 3 and character (— ) for 
ro(48). 

If one works out the correspondence between this cusp form / and the 
L-series in more detail, one finds that / is given by the g-expansion 

^ Y, (m + na;)2x2(n + mw)-ig'"'-'""+"'. 

m,?i6Z 
(m,n)^(0,0)mod2 

Hence one finds 

/ = g + 3^3 - 2g^ + 9q^ - 22q^^ - 26g^^ - Gg^^ + 2bq^^ 

+ 27g2^ + 46g^^ + 26^^"^ - 66g^^ + 22/^ - Abq^"^ . . . 

It was pointed out to us by Ken Ono that this cusp form has the following 
description. Denote by r]{z) the Dedekind eta-function, i.e., the function 
given by ri{z) = e^'^*^/^*^ nn>i(-'^ ~ Q^mnz-^^ Using the famous transformation 
rules for r] it is not hard to verify that 

r?(12z)\(4z)9 
9{z) ■- 



r]{2zyr]{6zy^r]{8zy^r]{2iz) 
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is a modular form of weight 3 and character (— ) for ro(48) as well. Com- 
paring coefficients in fact shows that f = g, hence our L-series is the one 
associated with this product of eta-functions. 

The above discussion allows one to compute the number of points on the 
somewhat abstractly defined variety S over finite fields. However, since it 
is a purely combinatorial matter (compare [ |vG-T| ) to describe the difference 
between S{¥pn) and the set {(t,x,y) e vfj \ y^ = x^ - f^it^ - if} we will 
for explicitness state the final result of the above discussion in terms of this 
explicit equation. 



Theorem 6.2. Suppose p > 5 is a prime number and n > an integer. 
The number N{p, n) of solutions (t, x, y) G F^n to the equation y"^ = x^ — 
t'^{t^ — 1)^} is given by 

N[p, n) = p2- +P-+ hl\ ''pn + apn , 

in which Opn is given by any of the two following descriptions. 

1. Qp-n. is the coefficient of q^ in the cusp form f of weight 3 and character 
(~) fof To (48) given by 

(I_gl2n)9(i_g4n)9 
H^i (1 _ ^2n)3(i _ ^6n)3(i _ ^8n)3(i _ ^24n)3 ' 

2. For p = 2 mod 3 one has Opn = whenever n is odd, and apn = p" 
whenever n is even. 

For p = 1 mod 3, write p = nn? — mn + n^. Then Opn = a" + a", 

in which a = i^- juj"'{m + ncuf, and where the exponent a is chosen 
such that m + nco — w" G 2Z[lj]. 
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